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Abstract

We prove a generalized version of the well-known Lichnerowicz formula for the square of the
most general Dirac operator D on an even-dimensional spin manifold associated to a metric con-
nection V. We use this formula to compute the subleading term &;(x, x, D2) of the heat-kernel
expansion of D2. The trace of this term plays a key role in the definition of a (euclidian) grav-
ity action in the context of non-commutative geometry. We show that this gravity action can be
interpreted as defining a modified euclidian Einstein—Cartan theory.
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1. Introduction

When attempting to quantize the electron in 1928, Dirac introduced a first-order operator
the square of which is the so-called wave operator (d’ Alembertian operator). Later on, in the
hands of mathematicians generalizations of this operator, called ‘Dirac operators’ —evolved
into an important tool of modern mathematics, occurring for example in index theory, gauge
theory, geometric quantization, etc.
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More recently, Dirac operators have assumed a significant place in Connes’ non-
commutative geometry [C] as the main ingredient in the definition of a K-cycle. Here
they encode the geometric structure of the underlying non-commutative ‘quantum-spaces’.
Thus disguised, Dirac operators re-enter modern physics, since non-commutative geome-
try can be used, e.g. to derive the action of the Standard Model of elementary particles,
as shown in [CL,K1]. Initially, it remains unclear whether it was possible also to derive
the Einstein—Hilbert action of gravity using this approach. Further, it was a Dirac operator
which proved to be the key to answer this question. According to Connes [C], the ‘usual’
Dirac operator D on the spinor bundle S associated to the Levi-Civita connection on a
four-dimensional spin manifold M is linked to the euclidian Einstein—Hilbert gravity action
via the Wodzicki residue of the inverse of D?. This was shown in detail in [K2]. A further
question that naturally arises is the dependence of this result from the chosen Dirac operator
D. In other words, does Res(5“2) change if D is a Dirac operator on § different from the
‘usual’ one ?

In this paper we answer this question affirmatively. Moreover, in Section 3, we compute
the lagrangian of an appropriately defined gravity action

Igr(D) = Res(D~2"+2) (1.1)

2

S 2"(2n —2)
for the most general Dirac operator D associated to a metric connection V on a compact spin
manifold M with dim M = 2n > 4. We proceed as follows: According to the main theorem
of [KW], there is a relation between the Wodzicki residue Res(A‘"“) of a generalized
laplacian A on a hermitian bundle E over M and Di(x,x, A), which denotes the subleading
term of its the heat-kernel expansion. It is well known that, given any generalized laplacian
A on E, there exists a connection V£ on E and a section F of the endomorphism bundle
End(E), such that A decomposes as

A=Vt
=a¥ 4 F (12)

However, this has a slight flaw. The decomposition (1.2) neither provides any method to
construct the connection V£ nor the endomorphism F explicitly. Nevertheless, it is exactly
this endomorphism F € I"(End E) which fully determines the subleading term & (x, x, A)
of the heat-kernel expansion of A (cf. [BGV]). Thus the problem of computing Res(A‘"“)
is transformed into the problem of computing F.

For an arbitrary generalized laplacian, this might prove to be difficult. However, in the
case where £ = S and the generalized laplacian A is the square D? of a Dirac operator
associated to an arbitrary metric connection VonTM , a constructive version of (1.2) can
be proved. This will be shown in Section 2 . Because of its close relationship to the well-
known Lichnerowicz formula (cf. [L]) we call our decomposition formula a ‘generalized
Lichnerowicz formula’. We understand it as being intrinsic to the Dirac operators studied
in this paper.

As already mentioned, we will compute the lagrangian of (1.1) in Section 3, using our
generalized Lichnerowicz formula as the main technical tool. From a physical point of view,
this lagrangian can be interpreted as defining a modified (euclidian) Einstein—Cartan theory.



T. Ackermann, J. Tolksdorf/Journal of Geometry and Physics 19 (1996) 143-150 145

2. A generalized Lichnerowicz formula

Let M be a spin manifold with dim M = 2n and let us denote its Riemannian metric by g.
The Levi-Civita connection V : I'(TM) — I'(T*M ® TM) on M induces a connection
VSIS > I'T*M ® S) onthe spinor bundle S which is compatible with the hermitian
metric (-, - )5 on S. By adding an additional torsion term ¢ € £2! (M, End T M) we obtain
a new covariant derivative

Vi=V41 2.1

on the tangent bundle T M. Since ¢ is really a one-form on M with values in the bundle of
skew endomorphism Sk(T M) (cf. [GHV]), V is in fact compatible with the Riemannian
metric g and therefore also induces a connection VS = VS 4+ T onthe spinor bundle. Here
T e QI(M. End S) denotes the ‘lifted’ torsion term ¢t € Q'(M,End T M). However, in
general this induced connection VS is neither compatible with the hermitian metric ( -, - g
nor compatible with the Clifford action on S. With respect to a local orthonormal frame
{ea}i<a<2n of TM|ycp e have

V. ep = @°peeq, f=1% ea @’ ® €,
s 1 b Ss 1 b ‘
Vs =3 v*V's1 ® wabce”, Vosi = 1 v*V’si ® (wabe + tabe )€’

where w?;,. denotes the components of the Levi-Civita connection, {e®}1<4<2, the corre-
sponding dual frame of {e;}1<a<2n and {57} 1</<dim s a local frame of S|y. Note that we use
the following conventions:

(v, y?) = 21, [y, vl =2y

for the representation y : Ce(T*M) — End § of the complexified Clifford algebraof T*M
on the spinor bundle.

We now define by D:= y"Vs a first-order operator D:I (S) —> I'(S) associated
to the metric connection V. Since D satisfies the relationship { D, f1=yH*@f/ox*) for all
f € C®(M) this operator D is a Dirac operator, i.e. its square D?isa generalized laplacian
(cf. [BGV]). Note that D is also the most general Dirac operator on the spinor bundle S
corresponding to a metric connection VonTM.

According to the well-known Ricci lemma (cf. [GHV]) there is a one-to-one correspon-
dence between metric connections on TM and the elements of 2! (M, Sk(T M)). Conse-
quently, the set of all such Dirac operators acting on sections of the spinor bundle S over
M is parametrized by t € 21(M, Sk(T M)).

For the square of the Dirac operator D we get the following standard decomposition:

D? = g VSV + yHIVE, v 1VS + vy VS, V5L (2.2)

If t = 0, which means that ¥ is identical with the Levi-Civita connection V,Eq.(2.2)is
the first step to compute the well-known Lichnerowicz formula of D?, cf. [L]. Note that none
of the first two terms of (2.2) is covariant in itself but only their sum. Using (2.1) we can,
however, rearrange the decomposition (2.2) such that each term is manifestly covariant.
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Moreover, the derivations in the decomposition will then be arranged according to their
degree.

Lemma 2.1. Let M be a spin manifold, V the Levi-Civita connectionon T M and v deﬁned
by Vi=v +twitht € 2! (M, Sk(TM)) Then the square D? of the Dirac operator Don
the spinor bundle S associated to v decomposes as

D? =AY - B*VS + F, (2.3)
where B € I'(TM @ End §) and F' € I'(End §) are defined by

B® :=2T% — y°[T,, ¥°], (2.4)

F'i= 3RV Apuas +v*y"(VaTy) + v Ty’ . 2.5)

Furthermore RY denotes the scalar curvature and AY = n*(V3 V,f - Vgﬂ e,) the hori-
zontal laplacian on the spinor bundle corresponding to the Levi-Civita connection V with
respect to a local orthonormal frame {eg}1<a<2n-

Proof. By inserting VS VS + T, in (2.2) and using the compatibility of the connection
V5 with the Clifford actlon so that [VS Yl = —y'Iy, we get

D* =AY + §y*IVE, V1 - ¢ IV Tl = I, T)
", T, — 8" (2TuV5) + v [T v°1V;) + 3 ™ [Ty, T
HYIVL Tl + YT, vH 1T (2.6)
With the help of the Clifford relation y#y” + yVy# = —2g#" and the first Bianchi iden-

tity Rjrii + Ruij + Rijjr = O one can identify the second term in (2.6) with the ‘usual’
Lichnerowicz term:

IV VI = RV 1.

If we write y [T, y"1V, = g*’y?|T,, y.]1V., we see that BY is given by the sum of the
fifth together with the sixth term on the right-hand side. Furthermore we have the identities
—g"(IV3, T = I, T,) = —g** ((VEST) — I8, T,) = =" (VuTy)

2.7
PV T =y (VT - 1 T)—y’”(V Tv). -

Here 'V : I'(EndS® T*M) — I'(T*M ® End S ® T*M) denotes the induced connec-
tion 'V := VEM S @ 1743 + Ignq s ® V on the tensor bundle End S ® T*M. Because V
respects the Clifford relation this means that

VT = Ay LT MOT M L ity

Due to the fact that y#¥ — g"*¥ = y#y" we obtain our result. o
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It is well known (see [BGV]) that given any generalized laplacian A on a hermitian
bundle E over M, there exists a connection V£ on E and a section F of the endomorphism
bundle End(E), such that A decomposes as

A_ @[;
A=AY" 4+ F. (2.8)

As we have mentioned before, this statement does not offer any possibility of calculating
the endomorphism F explicitly. Since it can be shown (cf. [BGV]), however, that

<D](x,x,A)=éRV-1E—F

itis evident that F plays aleading role in the computation of the subleading term @; (x, x, Q)
in the asymptotic expansion of the heat kernel of A. Moreover, by the main theorem of
[KW]?

n 2n -2 o
Res(A™"H1) = " / % tr(P (x, x, A)), (2.9)
M
this endomorphism F also determines the Wodzicki residue of A" which defines gravity

actions in the case of A = D2.
We shall now prove a theorem which enables us to compute F explicitly in the case of
E=S and A := D

Theorem 2.2. Let the hypotheses be the same as in Lemma 2. | and let A = D? be the
square of the Dirac operator D associated to V. Then the covariant derivative VS and the
endomorphism F € I'(End S) in the decomposition (2.8) are defined as follows:

TS .~ vS + f’ (2.10)
F:=F +R. (2.1D)

With respect to a local orthonormal frame {eg}1<a<n of TM, T e QYM.EndS) and
R € I'(End §) are explicitly given by

To=Ts — % y*[Th. val (2.12)
R ='V,T%+ T,T°, (2.13)

where F' € ' (End S) is the endomorphism (2.5) of Lemma 2.1.

Proof. The main ingredient of this proof is the global decomposition formula (2.3) of D?
as given in Lemma 2.1. Concerning the case of A = D2, Eq. (2.3) is but an alterna-
tive version of (2.8). We can therefore prove the theorem by inserting (2.10)—(2.13) into
Eq. (2.8) which then is identical with (2.3). a

2 We denote by = the Hodge-star operator associated to the Riemannian metric g.
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Thus we obtain the following formula for the square of the Dirac Operator D:

~ oS
D*=AY" + 1 R A5+ y(VaTy) + § v (10, ol + 5 V°[Ta, v°1 T
~LYPLOVLT), v ) + § napy LT v 11 Ta, v (2.14)

In the case of t = 0, i.e. T = 0, this decomposition obviously reduces to the usual
Lichnerowicz formula D? = AY + %RV - IIg. Consequently, we call (2.14) a ‘generalized
Lichnerowicz formula’.

Notice that one has to take into account that in general it is impossible to find any Sk(T M)-
valued one-form 7 € £2' (M, Sk(T M)) such that the endomorphism part Tx € End S of T
corresponds to fx € Sk(TM) for all X € I'(T M). Hence, VS is generally not induced by
any metric connection VonTM. However, ift € 21(M, SK(TM)) is totally antisymmetric
we obtain the following.

Lemma 2.3. Let M be a spin manifold, V the Levi-Civita connectionon T M and v defined
by V:=V 41t where t € Q1(M, Sk(T M)) is totally antisymmetric. Then T = 3T and
consequently VS = V5 4+ 3T.

This can simply be derived from the definiton (2.12) of T.

3. Euclidian gravity

According to Connes [C] there exists a link between the usual Dirac operator D :=
yHv ;f on the spinor bundle S of a four-dimensional spin manifold M associated to the Levi-
Civita connection and the euclidian Einstein—~Hilbert gravity action via the Wodzicki residue
Res(D~2) of the inverse of D?. This has been explicitly verified in [K2]. Moreover, as
already mentioned, the main theorem of [KW] states that the Wodzicki residue Res(A‘"+ I
of any generalized laplacian A acting on sections of an hermitian vector bundle E over an
even-dimensional manifold M with dim M = 2n > 4 can be identified with

2n —2

f * tr(CD](x,x, A))

M

Again @ (x, x, A) denotes the subleading term of the asymptotic expansion of the heat
kernel of A. In this sense a gravity action can be defined by an arbitrary Dirac operator
D= y”Vﬁ on § associated to a metric connection V on the base M, this means

~ 1 ~
Ior(D) =~ f (@1 (x, x, D?)). 3.1
M

Here 2" = dimc¢ § is the complex dimension of the spinor bundle. By using our generalized
Lichnerowicz formula (2.14), we can now easily compute tr(®; (x, x, D2)). All that remains
to be done is to take traces of y-matrices. Thus, we obtain:
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Lemma 3.1. Let M be a spin manifold with dim M = 2n even and D: ’(S) — I'(S) the
Dirac operator on the spinor bundle S associated to a metric connection V := V + t as
above. Then

1 ~ 1 1 . :
~ tr(®)(x, x, D*)) = 3 RY + > (=tapet™ + 2tapet*?) (3.2)

with respect to a local orthonormal frame of T M.

Note that this result (3.2) holds independently of whether or not the corresponding Dirac
operator D is self-adjoint with respect to the hermitian metric on the spinor bundle S. In
the special case of the torsion tensor being totally anti-symmetric, (3.2) reduces to

—El;l- tr(d>1(x,x, 52)) = é RY — ;—n— t[abc]tlabcl
as already shown in [KW].

In order to find out whether (3.2) defines a pure (euclidian) Einstein—Cartan theory 3 we
express the right-hand side of (3.2) by the scalar curvature RY of V. Using the well-known
formula RY=RY +dVr + 2 [t A t], where Rv € £22(M,End T M) denotes the curvature
of Vand dV is the exterior covariant derivative corresponding to the Levi-Civita connection
V, we can rewrite (3.2) as follows
1 =

1 N2 v 1 bc 1 abc 1 h
_57 tr(d>1(x,x, D )) = E R" + E Lapet " 2_n tabcl + F tabet €

1 1
— 1710 — — Yt 33

+ 12 ab c 12 ( )
Without additional mater fields, our result (3.2) obviously reduces to the usual Einstein
theory of gravity. Hence, we obtain a result similar to that in [KW]. We also conclude from
(3.3) that it is not possible to obtain a ‘pure’ Einstein—Cartan theory from the square of an
arbitrary Dirac operator D associated to a metric connection on M by using the Wodzicki
residue.

4. Conclusion

In this paper we have proved a generalized version of the well-known Lichnerowicz for-
mula for the most general Dirac operator D onthe spinor bundle of an even-dimensional spin
manifold M associated to a metric connection V on T M. Applymg this formula, the sub-
leading term @ (x, x, D2) of the heat-kernel expansion of D?is easy to compute. According
to [KW], the trace of this term plays a key role in the definition of a (euclidian) gravity
action IGR(5) in the context of the non-commutative differential geometry introduced by
Connes [C]. This gravity action can be interpreted as defining a modified Einstein—Cartan
theory.

3 By an Einstein~Cartan theory we mean a gravity theory based on the Einstein-Hilbert action.
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Finally, we would like to add that it is also possible to derive a combined Einstein—
Hilbert/Yang—Mills lagrangian from an appropriately defined Dirac operator by using sim-
ilar techniques. Moreover, this Dirac operator can be considered as a deformation of the
well-known Dirac—Yukawa operator. This will be shown in a forthcoming paper [AT].
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